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Radiative Decay of Vector Meson V — PV in the
Spinor Strong Interaction Theory

F. C. Hoh!
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The spinor strong interaction theory recently developed is applied to the radiative
decay of a two>quark vector meson into pseudoscalar meson V. —Py. Expression
of the decay rate I is derived in this firstprinciple theory without assumption
and free parameter. The ratio I'(D*’ —D°y)/I'(D** —D"y) is correctly predicted.
The orders of magnitude of the radiative decay rates of B*, D* K*, and p
estimated from this expression are consistent with data. Very fast mesons have
a smaller size then do mesons at rest, similar to Lorentz contraction in
laboratory space.

1. INTRODUCTION

In the current literature, low>energy mesonic theories are based upon
phenomenological Lagrangians [1, 2]. QCD»oriented, nonrenormalizable, chi»
ral perturbation theories are applied to light mesons [2, 3]. When the meson
contains a very heavy quark, a new spin>flavor symmetry emerges from QCD
[4, 5] and can be incorporated to apply to heavy mesons [6, 7]. In spite of
the vast literature on these subjects, specific and systematic predictions on
the radiative decay of vector mesons V — Py are scanty [8].

This may be due to the phenomenological nature of these theories in
which the meson fields are local. Since the meson has finite size, much physics
is lost by neglecting its extension and compensating for it by introducing
parameters. A comparison of these Lagrangians to the nonlocal Lagrangian
of the spinor strong interaction theory [9; hereafter denoted by I] has been
given in the introduction and Section 8 of the accompanying paper [10;
hereafter denoted by III] and will not be repeated here.
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Reference 1 is concerned with stationary phenomena of mesons at rest.
It has been extended to treat weak decay of pseudoscalar mesons [11; hereafter
denoted by II].

The purpose of this paper is to modify and extend II to apply to the
radiative decay of two>quark vector mesons V — Py. In the process, paper I
is also extended to apply approximately to slowly moving heavy pseudoscalar
mesons. In Section 2, the required action integral is given and its first>order
part identified with the aid of expressions from earlier work reproduced in
Appendix A. The decay amplitude is then derived in Section 3. The decay
rate is derived in Section 4. It is further reduced to an orderof>magnitude
estimate of this rate by introducing the perturbed wave functions, arising from
the slow motion of heavy pseudoscalar»mesons, obtained from a dimensional
analysis in Appendix B. In this appendix, it is indicated on dimensional
grounds that the size of the meson decreases with increasing momentum,
similar to Lorentz contraction in laboratory space. The decay rate is applied
to the ratios of D¥ — D7 decays in Section 5. Orderof>magnitude estimates
of the decay rates for B*, D* K*, and p are found to be consistent with
data. Comparison with earlier work is made.

2. ACTION FOR V — Py DECAY

Appendix A gives the starting equations mostly collected from earlier
papers on this theory. Substituting (A6a), (A6b), (A7), and (A9) into (A4)
and making use of (A6¢c) and (A5b) leads to

Su = J d*x d4xi [0 + i(1 = a)gp A" (X)X (Buer — iagrAr(X)) L)
+ (B = iag, AWy + i(1 — @)gp A X))
+ 2(Dy(0) — Mair! + hec. @.1)

which is similar to the action (Il 2.4) for K — pv and provides the present
starting point.
The equivalent of (Il 4.1) is here

(@ xo)@uentch) = Sl xiduanch — At Onenth 2.2)

We substitute (2.2) and other terms of the same type into (2.1). Following
II Section 4, terms of the type of the last term in (2.2) together with the
®p — M} term in (2.1) vanish since they form the terms in the zeroth»order
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meson equations (A1). The remaining terms in (2.1) are of type (i) consisting
of terms of the kind of the first term on the right of (2.2), type (ii) consisting
of terms linear in the ¢’s, and terms quadratic in g. These type (ii) terms
represent the electromagnetic interaction and therefore are regarded as first>
order perturbations. Other ordering of the terms in (2.1) is entirely analogous
to that given by (II 2.6). Following the discussion below (Il 4.4), the type
(i1) terms here likewise balance off the type (i) terms, which therefore are
also of first order. This is in agreement with the conventional S»matrix theory
mentioned at the end of II Section 4.

3. DECAY AMPLITUDE

Equations (I 6.7) and (I 6.8) show that the meson equations (A1) reduce
in the rest frame to two classes of solutions representing the pseudoscalar
and vector mesons, which will be denoted by the subscripts J = 0 and
1, respectively.

With the help of (I 6. 1a), (I 6.3), and (I 6.5), the meson wave functions
are decomposed as follows:

3 T
Ve, ) = X X bR expl—iERX" + iK, X
J K

+ o ISPV RR) — 0PYR(N) (3.1)

and a similar equation with \y — %. Here, Ejx is the energy of the meson with
momentum K, and @ is the relative energy of the quarks. The expansion (3.1)
holds only for free mesons for which the confining potential ®%(x), prior to its
specialization to ®},(r) of (III 2.1c), vanishes so that the meson wave equation
(B1) is linear (see III Section 2.1). For the decaying meson, let

bR = aR + dBX°) (3.2)

by analogy to II (3.1). Here ayx is the annihilation operator for a meson with
J and K, and a(le)(X %) is the corresponding firstorder decay amplitude and
varies slowly with the time X°.

The photon of the decay can be represented as

AX) =S QEQ) " Y erar(K,) exp(—iE X* + ik, X) + c.c. (3.3)
K, T

where () is a large normalization volume, (E,, K,) is the fourmomentum of
the photon, er is the unit polarization vector in the transverse directions 7'
= 1 and 2 perpendicular to K,, and ar(K,) is the corresponding annihilation
operator. The time component 4° has been put to zero.

As in (II 4.3b) and (II 4.3c), let
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iy =& =0y, 1=
aoly =0y, @zt ®)0y = |1 (3.4)

where ‘i) and ¢ f" denote the initial and final states, respectively. The last
relation in (3.4) holds because the sum of fourrmomenta of P and 7y is the
same as that of V(K; = 0) in X space, irrespective of their behavior in the
relative x space.

Collecting all type (i) terms in (2.1), placing them between <f‘ i),
and making use of (3.1), (3.1) with W — 7%, (3.2), (3.4), and (A3b) leads to

1 o
<f| J d4Xd4-xZ {6{}{ZXU 811(}‘%}; + aI a\lla 61(/“]’}; + 611]( 6{”’X§t + 61(’]‘]’5) 6{}161\%1} l>

1 3y 0 3207 2|
—is EnSy | d°X | ddx WV 10(2)] (3.52)

Sp = (ﬂaﬁg*(XO —>°°)alo‘l'> (3.5b)

Here, integration over X° has been carried out with the boundary condition
afl) (X° — —o0) = 0. Also,

- - A~ A~ = =
Vio = %10 = 0, Vio = %10 = 1V, r=xlr, r= ‘x‘ (3.6)

for V at rest according to (I 6.8) and (I 8.2) ff.
The sum of the type (ii) terms in (2.1) is

1

‘s J d*X d*x {qp [V AAXE + AP x5Buench]

~ @) A D + AV i) + e, } 3.7
where ¢ = 1/2 has been chosen in (2.1), in agreement with the consideration
preceding (4.1) below. Sandwiching (3.7) between (/| and |i) and making

use of (A3b), (3.1)~(3.4), and (3.6) leads to

i(zE,.Q)*”2 J d*X exp(—i(K + K X)218(EoR + E, — Exo)

dexod M
2
Xy { Qp[(eT”)(Eo RUEE — E1o)oxX — K\IIOK)+(6T><r)(K><\|I 0%) + i) }

QI[(eT” YWEoRYSE — EroVixg — K;(,;OK) + (eTX r)(K X XOK) +il,]
+he. (3.8)
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I, = (er X 1)RAIT — EXiT — 28 X 1R) + (erm)(B2i0)
+ Ewr(er X WD) + 2 V3R)@W /oA,
Ir = (er X 1) RV — ERVER + 28 X Vi) — (er)(BVH)
+ Ewr(er X 1) — 2Aent®)@Un/aniy (3.9)

where K = K for brevity. The decay amplitude Sy is obtained by equating
(3.8) to the negative of (3.5a).

4. DECAY RATE FORMULA AND ESTIMATES

In the rest frame and in the absence of orbital excitation, the pseudoscalar
meson wave function is a singlet and depends only upon the quark—antiquark
distance r. For mesons in motion, however, the wave functions satisfy the
full (A1) and (A2), which couple the singlet and triplet parts, and spherical
symmetry in x for the rest frame case is lost. In motion, a pseudoscalar meson
is thus no longer represented only by a singlet, the time component of a fourn
vector, but by a founrvector in X and x (see Section 3.3 of III). Note that x
is not an observable since quarks are not seen, but observable results character
izing the mesons depend upon it. Therefore, x may take on the role of a
“hidden variable” mentioned in the literature.

Mesons in motion are considered in Appendix B and described by (B1),
which has not been solved generally. Therefore, (3.8) and (3.9) cannot be
evaluated for arbitrary K. For nonrelativistic pseudoscalar mesons, however,
their wave functions can be expanded in powers of K or gy of (B5). The
perturbed wave functions are determined by (BS8) to order g and by (B9) ff.
to order &3.

4.1. Decay Rate Formula for Slow Mesons and Estimate

The treatment that follows will therefore be limited to slowly moving
pseudoscalar mesons according to (BS5). Equation (B6) is substituted into
(3.8) and (3.9) and only terms to order €} are kept. Here,

VIR = Vo) + V@), VIR > Va®). ¥ ox @)

Equation (B8) shows that Efo] and ;(;01 are real. Therefore, (3.9) is real and
the il, and il terms in (3.8) drop out. Since Eok # FElo, (B1d) requires that
Mok F Mo in (3.8) observing (3.1). This will lead to an inconsistency in the
relative time x° dependence of (3.8) relative to that of (3.5). Therefore,
= 0 is set, which is consistent with (B9) ff. and (B3). Equation (B1d) now
becomes ¢ = 1/2, which has been used in (3.7). With (B7), (3.8) to order
€5 is equated to the negative of (3.5a) and the result is put in the form
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—1
Sp = in(RQEQ) ™" EwS(EX + E, — Elo)(J dx Vi) )

J &% \Ul(r)(zT;)[flp(EOI?\lloo(r) — Ei)oo(r)) + g(EroVoo(r) — Eox¥oo(r))] +\
@zt al(€r X PE X For = Lon)
x SR + (e )(— K(\llm ~ %) +_(Eok £ Eio)(Wo2 ~ Yo2)] \
1+ - 6/)[€T X r)(K X (Yo + XOI))
+ (e )(— K(\llm + Xm)) + (Eo — Ei0)(Wo2 + X02)]
4.)
where K; = —K has been set.

The first integral is of order g and vanishes when integration over the
angles is carried out. The decay rate is given by (II 5.4) with (Il 6.4). With
(4.2), it reads

[V ->Py) = X ‘Sﬂ‘z/Td

final states

=2+J<dK5(E0k+E I R—

327’[2E%0 EE()()

X [(gp + 401+ + (g — 47 01-] (4.3)

-1
J % VA(r) J dx () =L L.

©
I+
I

2K?
Xl(er X F)EX (Wor F 7o1)) + (err)(— KWoi F 2o1)
+ (Ew £ Eod)(Wo2 F %02))] 4.4)

which holds to order &5. Here, T, denotes a long time period during which
all such decays occur. The cross product (g, + ¢g.)*(q, — ¢,) term has been
dropped because the physical results must remain unchanged if p < r, i.e.,
if quark I (II) has flavor r (p) instead of p (7).

The decay rate (4.3), however, cannot be evaluated because the perturbed
wave functions in (4.4) have not been computed according to Appendix B.5.
In the following, an estimate of (4.3) based upon the dimensional analysis
approximation in Appendix B.5 will be given in the limit (B11) of heavy
pseudoscalar mesons. Inserting (B14)—(B17) into (4.4) leads to

-1

JdS; \Iflz(”):| [—1 — 4Ew(EoR + Ew)ldyll,  (4.52)

O1+

& \lfl(r)\lfoo(r)(z'r;) (4.5b)

Iy
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01- =0 (4.5¢)

where
et =(X 7,00 LK

and X and Y are laboratory coordinates. Equation (4.5b) again vanishes after
integration over the angles. The decay rate (4.3) therefore also vanishes to
order €5. This is in part due to the approximate nature of the dimensional
analysis, which removes the angular dependence in (B14) and (B17) (see
end of Appendix B.5). Such dependence can appear in higher orders of &o.
Due to (B8a), the &; terms do not contribute to (4.4), but € in (B6) will. In
some of these terms, x, or y is expected to be present at least linearly due
to the cross terms in (B1). With such a term in (4.4), integral over the angles
will no longer vanish. Let 7 = 1 represent er in the X direction; then

J 4% (err)x = %J dx (4.6)

This term corresponds to the dipole transition picture of Section 4.3.

The dimensional analysis approximation of Appendix B.5 has not been
carried out to order €. To obtain an estimate to this order, the &3 order result
(4.5), modified by including (4.6), will simply be multiplied by a factor &
of order g so that

I, =1, = ‘C;ZJ A% U (Woo(r) (4.7)

-
Since both o of order g and g, of order &} enter (4.4), an estimate
combining both types of terms is

)
2= Lol \Voo 48)

where (B5), (B14), and (B17) have been employed.
The integrals in (4.5a) and (4.7) can be evaluated using the free meson
wave functions (III 2.2) and (IIT 2.3). One finds

J X i ()Woo(r) /J X W) = B2 32181 (4.92)

The photon energy E, = K, and the pseudoscalar meson energy Eok are
determined by the & function in (4.3),

Ko = E10[1 - (Eoo/E10)2]/2, Exx = Eio — Ko (4.9b)

Inserting (4.5), (4.7), and (4.9) into (4.3) and making use of (B10) leads
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to an orderofymagnitude estimate of the decay rate for slow pseudoscalar
mesons to order &,

T4V > Py) = e[V — Py) (4.10a)
3
128 K3 Eo
[ (V5 PY) === (g, + ¢,)° ] - =
2 (V2PN = s @ T 40 E%OE%Z( EIO)
X [(1 + 4Ew(Ew + ER)dn) (4.10b)

for o< 1 and d, < Ey

where d,, = 0.864 Gev according to (III 2.5a).

4.2. Decay Rate Estimate for Fast Mesons

In Table I, the 7t and K mesons are relativistic in the p and K* decays.
Therefore, the €y < 1 results in Section 4.1 and Appendix B.5 no longer hold.
By analogy to the reverse of (4.1), setting

Yon = oR() — Yoo(r) = WoR(x),
q}m ﬁqf;oz(;), V=

in (4.2)—(4.4), these will hold for all gy values. Here, the Yoo(r) term vanishes
upon integration over the angles in (4.4). The momentum K, for 7 and K is
still low compared to d,, so that the extremely relativistic case of Appendix
B.2 does not apply. The scale of the meson wave functions is not 1/Ky, as
in (B4b), but is still of the order of 2/d,, as in Yoo(r) or (IIT 2.2a). The
following ordenof>magnitude estimate of the decay rate will be made.

For large Kp, the 0(K X ) type of terms in (B1) cannot be dropped
so that the simple relations (B12a) and (B13a) no longer hold. Therfore,
unlike (4.5¢), Qi1- does not vanish.

The same reasoning leading to (4.6) is similarly assumed, but is now
associated with large € values. In this case, the er X t term in (4.4), using
(4.11), vanishes for the x and y components of r because er L K. For the z
component of r, integration over the angles still yields zero or is strongly
suppressed. Therefore, this er X F term is dropped. This term also did not
contribute to (4.5) and is consistent with the physical picture of Section
4.3 below.

The er r term in (4.4) together with (4.11) is now approximated by
(4.5), including the modification implied in (4.6). Note that this extension
of the g9 < 1 result to g9 > 1 cases is adopted for lack of a better estimate
and is obviously very coarse. The orderof>magnitude estimate of the decay
rate is

(4.11)
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, 2

TV 5>Py) = |1+ [#—==| |[uv >Py) (4.122)
qp t qr 01+

Qi+ = OQr+lpnlealy (4.12b)

| <]ois]  for € > 1and mwinTablel (4.12¢)

0<
0<lois] <|ois] for go=<1landKinTablel  (4.12d)

The last relation is indicated by (4.5¢), and (4.12c¢) is implied by the gengral
form of (4.4) and (4.11), in which the “small components” Yok and ¥ ok
become nearly as large as the “large components” Yok and Yok for pseudoscar
lar mesons with large momenta.

4.3. Physical Picture

Consider as an example the D*’ decay in Fig. 1. The radii of the
maximum and the average meson wave function amplitudes are obtained
from the nonrelativistic free meson wave functions (III 2.2). The transition
has a dominant electric dipole nature, in adition to the spin>flip or magnetic
dipole transition considered conventionally [12]. A simple spin flip will not
transform D* to D, which have different sizes.

In this picture, the direction e: of the vector potential is parallel to the
current j or to r. This is reflected in that only the ez term, but not the er X
r term, enters (4.5), and hence the decay rates (4.10) and (4.12).

5. APPLICATION AND COMPARISON TO EARLIER WORK
5.1. Application

Table I shows the V — Py cases considered.

Consider first the D* decay, (¢, + ¢,)° = 47/137 times 16/9 and 1/9
for D** and D*", respectively. Further, Qi+ of (4.4) is almost the same for
both decays, as is indicated by (4.5a). With the masses from ref. 13, (4.3)
and (4.5c) lead to

(D™ - D)/, (D** - D'y) = 16.96 ~ 19—6% (5.1)
These may be compared to the data [13]
() 0 ot +_0 0 0
['(D” »>D%) ['(D* >D'n") _ 38.1% _30.6%  _ 1712 (52)

[(D° -»Dn% [(D** -D*y)  61.9% 1.1 = 3%
In Table II of III, [(D*" — D°n’)y/T'(D** — D*n°) has been estimated to be
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Fig. 1. Illustration of D*? —>D°y. Here W max and \ll_k/.v are the maximum and average amplitudes,
respectively, of the vector meson wave function W o; Woomax and Yoo,y are the maximum and
average amplitudes, respectively, of the pseudoscalar meson wave functions. The sizes are
given by (III 2.6) and (III 2.5a). The much greater radius of the vector meson leads to a much
greater potential energy —d,,/r of (III 2.1b) than does the finalystate pseudoscalar meson. The
vector meson is therefore unstable and tends to reduce its potential energy, which is achieved
by diminishing its size. Therefore, the quarks ¢ and u move along the dashed line inward to
a distance of the order of the diameter of a pseudoscalar meson. Similarly, the vector meson
wave function peaking on the dashed circle collapses into the origin, where the pseudoscalar
meson wave function has its maximum. One of the quarks flips its spin to convert D*° to D°
and gives rise to the spin of the photon. The quark movements along the spin direction of the
D*" give rise to a current j which gives off a photon with momentum K,. The resulting D°
acquires a momentum —K.,.

1.16. Inserting this value into (5.2) leads to ['(D*’ — Dy)/['(D** — (D*y)
= 19.9, which is about 17% greater than the prediction of (5.1). However,
there is a very large error margin of the branching ratio 1.1 = §4% in (5.2).
Agreement with (5.1) is restored if 1.1% — 1.29% in (5.2), which is well
within the error limits.

Note that (5.1) relies on the approximations (B5) and (B11), which are
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Table I. Some Data and OrderrofyMagnitude Estimates of the Decay Rate I for Vector
Mesons V Decaying Radiatively into Pseudoscalar Mesons P*

\% B" B"* D" D" K*® K" p° p*

P B’ B* D’ D* K° K* i L

€ = Ko/Ew 0.0124 < 1 0.073 < 1 0.62 <1 27> 1

I (keV) 19X 107" 05x107° 28X107% 017 X107 535 =145 (732") (> 70)
<145 (<700)

Equation (4.10) (4.12a,b,d) (4.12a,b,c)

Data (keV) Dominant <800 <1.44 116 503 119 67.8

“ g is the ratio of the momentum to mass for P. The very large I values for p can be due to
the extrapolation of the g < 1, d,, < Ey estimate to €, > 1, d,, > Ey for p and are
indicated by the parentheses.

b Average for uu and dd contributions (see note a in Table 4 of ref. 12).

well and relatively well, respectively, satisfied for D. It does not make use
of the dimensional analysis approximation (4.5a) itself and is therefore a
relatively accurate prediction.

This is in contrast to the orderyof>ma gnitude estimates of the decay rates
in Table I, which are obtained from (4.10) based on such an approximation
and from (4.12) based upon a still coarser approximation. The estimated D*
and B* decay rates are much smaller than the observed upper limits. An
experimental determination of these rates may therefore provide a clear test
of the spinor strong interaction theory.

For K*, the experimental ratio I'(K*" — K°y)/[(K** — K*y) = 2.31
lies between the estimated ones, i.e., 3.7 = 2.31 > 0.37. The upper limit 3.7
is obtained if Qi- = 0, so that the g, — ¢, term in (4.3) does not contribute.
Thus, the ¢, — ¢, term does seem to contribute and (4.5¢) no longer holds.
This may be consistent with the fact that gy < 1 underlying (4.5) is violated
by & = 0.62 in Table 1. This is in contrast to the D* decay, for which (5.1)
is nearly the ratio of the (¢, + ¢,)* factor or 16; the ¢, — ¢, term drops out
in (4.3) due to (4.5¢).

The estimated p decay rates are too large and may be due to the extrapola’
tion and modification of the gy < 1 and d,, < Ey result of (4.5) to go > 1
and d,, > Ey for p decay. The experimental ratio I'(p° — n’y)/T'(p* = =*y)
= 1.76 again lies between the estimated ones, i.e., 10.5 > 1.76 = 1.05. The
upper limit 10.5 is obtained with Qi- = 0 of (4.5¢c), so that the ¢, — ¢, term
in (4.3) does not contribute. However, the requirements underlying (4.5¢)
are violated in a still higher degree so that TQF/QH‘ is still larger and
approaches unity. This is represented by the lower limit 1.05, which is closer
to the data.

In the sequence of D*, K*, and p decays, the pseudoscalar mesons get
more relativistic, the Q- term goes from 0 to nearly Of+, and the (gp + a)*
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dependence of the D* decay rate is transformed to a (¢, + ¢,)* + (g, — q»)*
= 2(q; + ¢7) dependence for p.

5.2. Comparison to Earlier Work

The comparison in Section 8.3 of III made for the sister process V. —>
PP holds here as well. In Table 2 of ref. 8 radiative decay rates of light
mesons were obtained in the chiral limit and agree with data rather well.
Nevertheless, the chiral Lagrangian used contains a large number of terms
and a number of parameters have to be fixed by other data. Corrections due
to departure from chirality have not been considered. To account for decays
of heavy mesons, heavy quark symmetry [4, 5] has to be called upon and
this gives rise to additional complications [6]. Further, Lagrangians of this
type consist of local meson fields and cannot account for confinement, the
U(1) problem, the absence of Higgs bosons, etc.

These limitations are removed in the nonlocal Lagrangian in (2.1) of
the spinor strong interaction theory [14, 11]. The decay rate (4.3) with (4.4),
(4.11) has been derived from the Lorentz> and gauge>invariant action (2.1)
without any assumption and without any free parameter to be fixed by other
data. However, (B1) and (B2) determining the zeroth»order wave functions
for mesons in motion are too complicated to solve. Approximations and
assumptions have been introduced to estimate these wave functions needed
in the decay rate expression. In spite of these gross approximations, the
estimated I" in Table I do not contradict and are in order>ofsmagnitude agree>
ment with data.

APPENDIX A. EQUATIONS FROM EARLIER WORK

The basic meson equations together with related transformations are
given by (5.4), (5.5), (4.12), (6.2), and (A2) of I:

O Ouer A, x)E(z1, zn) = (D, x) — MaWé(x, xu)EX(z1, zu1)
Ouep OVECH, x)EX(zr, zn) = (Dp(xt, xu) — M), )€z, z) (A1)
i @p(x1, xu) = 5 Re(Wi(x, xl)xg(xn, x1)) (A2)
XM= — Af, Xt =1 — o — axh (A3a)
o = (1 — a)(—8%8p — 037) + 5%dy + 03
Buer = a(—8y0x + O 43F) — 8ydp + OO
8 = A1, B = dlox (A3b)

Here, x1 and xy1 are the quark coordinates, z; and zj are the internal quark
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coordinates, x is the relative coordinate of the quarks, and X is the laboratory
coordinate of the meson with o = 0, 1, 2, 3. % and | are meson wave
functions each consisting of a founvector in the form of (I 6.11) and (I 8.1b).
&7 is the internal function for the meson characterizing its internal properties
via its flavors p and r. ®p is the interquark potential, which depends only
upon x here. M, is the average mass of the both quarks. Equation (A1) has
been converted into an action integral (3.1) of ref. 14:

Sy = J d*xy d*xn Ly (Ada)

Ly = 1@ Ouerxh) + (V) (@rerih) + hoc.)
+ %(q)p(;) - M)W + he) (A4b)

where xf, = (x&)*. The &’s have been removed by virtue of the orthonormal
condition (2.6) and (2.7) of ref. 16:

&z, zm)&l(z1, z) = 1, & = (EN* (A5a)
Az, = Hizne = 8, Az = 0 (ASb)

U(1) gauge transformation of (A4) has been carried out and the associated
invariance shown in Section 4 of ref. 14. In the presence of internal coordi»
nates, this transformation is generalized to

'k = (1 =¥ = h >((1 = a)(@F + i A(X)) = 0)xh  (A6a)

Ouarth = (adxap+ Ou)xh = (a(Oxar — iqu A (X)) + Qupsh (A6b)
g1 = 2 q2010z) — 21, 010z,), 1 =11 (A6c)
@1 = qa = 2el3, G =q3=qs = —el3 (A6d)
wh > abexpliqd(X),  xh > xhexp(—igudy(X))

AB(X) > A (X) = 0¥ dy(X) (A6e)

where (A3b) has been consulted. With (A6c), which is (2.8a) of ref. 16, the
meson wave functions are attached by the associated internal functions

p Ry = R N A B G A CRET) (A7)
as in (A1). Equation (4.7) of ref. 16,
é{f(zl, ZII) = \ll/Z(ZfZIIr + Zflzll‘) (A8)

comes from (I 9.1a) and the symmetric quark hypothesis (I 9.2) and refers
to mesons at rest. In V. — Py here, V is at rest and P is in motion, but both
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contain the same quarks. Therefore, (I 9.2) cannot be applied unambiguously.
This ambiguity is removed if (A8) is replaced by

EX(z, zn) = Z{zny (or izir) (A9)

which is an eigenfunction of (A6c). For consistency, this replacement should
also be carried out for (4.7) of ref. 16. It then leads to ¢g1+¢gn=e below (4.7)
of ref. 16 and the predicted vector meson magnetic moments there should
be halved.

APPENDIX B. GENERAL MESON WAVE FUNCTIONS AND
NONRELATIVISTIC APPROXIMATION

B.1. Meson Wave Equations in Vector Form

For an ansatz of type (3.1), (A1) has been put in vector form by means
of (A3) and becomes (I 6.4) and the accompanying sister equation. These,
including correction of some misprints there, are reproduced below:

(a1 — a)(E> + K + & + V2 + i(1 — 2a)(Edy — KOy,
-3 -3 - il - =
+ 2008 + i(1 — 2a)(E3 — Kdy) — 2a(1 — a)EK + K X 8oy,
+la(l —a(E* - KD+ & - V2
T T - 3 -
+i(1 — 2a)(Edy + Kd)|oy + Eo@ X %)
-3 =T 3T
+ (268 + 20, + i(1 — 2a)(E — 5 K)3%
-3 =T T
— [i(1 = 2a)(8 + 08) + 2a(1 — a)(E — S K)KY

+ (@B + 00\ K X %) = (D, — M)V — oV) (Bla)
(Bla) with % <>\, cross products change sign
= i = i
E=ER, %% V.V = %K XK VK, VK (Blb)
} = Ej, (DP = q)Pj, V2 = 33 (BIC)
a = 1/2 + wog/EX (B1d)

In the rest frame, K, = 0 in (3.1), and in the absence of orbital excitation,
(B1) and (A2) reduce to simple radial equations (7.3), (7.4), (8.3), and (8.4)
of 1. For the relative energy m;x = 0 mentioned below (4.1) and (B9), (B1d)
yields @ = 1/2. Making use of ®p; (III 2.1b) with D}y, and e,, = 0 according
to Sections 2 and 2.1 of III, (Bla) becomes

(—H(E> + K2y — LEKY} + [V — (K X )]
= (dulr — ®o = M)V (B2a)
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_l b _ _52 - l_; ] l -
{—=(E Ky +5K(KY) +5EKY}
+ 28@B%) - VP + E@ X %) + K X %]
= —(dplr — Dy —M2) (B2b)

B.2. Extremely Relativistic Mesons

In the opposite limit, K,=(0, 0, K — ), the following dimensional
considerations are given. The K»order terms in the braces of (B2) yield
(16.12a).

Of =0, %u=-% ExX=K (B3)

Since the right sides of (B2) can be dropped, the brackets in (B2b) then
show that

3] ~ k (B4a)

so that these brackets are also of order K2. This may alter the second relation
of (B3), but the third one is assumed to hold. Equation (B4a) implies that

% %, U, U, ~ (finite power polynomial in x) * exp(— Kr)  (B4b)

Their amplitudes are determined from the same normalization condition (III
3.7) and are thus of the order (IIl 2.3) with d,, — 2K

Should solutions of this type exist, they imply a decrease of the size of
mesons at rest, ro = | fm (III 2.6a), to the order of 1/K < 2/d,, at high
momenta. This reduction is in the relative space x and parallels the correspond>
ing Lorentz contraction in laboratory space X.

This phenomenon makes it possible for mesons to be used to probe the
hadronic structure of nucleons, similar to the use of electrons to probe their
electromagnetic structure. For this purpose, meson energies K > d,,/2 =
0.432 GeV as well as the inverse of the nucleon size are needed.

In the intermediary region, 0 < K < «©, (B2) has not been solved.

B.3. Nonrelativistic Pseudoscalar Mesons

For pseudoscalar mesons moving nonrelativistically, such as D and B
in Table I, the slow>meson approximation

€0 = KolEyp < 1 (BS)
provides a small parameter and (B1) can be treated iteratively. Let

Yok = Z o> ;(,,01;r = Z;(,;Oi, x>V, Eyg = Z Ey;  (B6)

where the subscript i denotes the ith order in g. For free mesons, ®p is
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independent of the meson wave functions according to Section 2.1 of III. To
zeroth order, I Section 6 shows that

- -
Yoo = —Woo, Yoo = Yoo =0 (B7)

for pseudoscalar mesons at rest. To first order in gy, (B1) reduces to

Xor =0, Vo =0, Ep =0 (B8a)
GEf — Vz);{jm + 23(3;(,;01) + Eoog X ;(,;01 + (dulr — ®g — Mzzn)qf;m
1 - - =2
= 7 Ew0KY 00 — K X O%oo (B8b)
- D 2T 2 - -
GEd — VOV + 20(0V01) — Egod X Vo + (dulr — Dy — M3) Lo
1 - - 2
= 7E00K\|100 + K X 6\]100 (B8&¢)

It can be seen here that myk can at most be of order gy, which is consistent
with (B3). To second order in g, the singlet part of (B1) reads

G Ed + V%02 — (dmlr — ©o — Mo
. WX 72 3 - >
= —12E_K Koo — 0(K X %o1) — G EoEor + Koo
00

1 =
- 7E00KX01 (B9a)
(ZI(E(Z)O + V02 — (dulr — o — ME)Y02

0K 3 e S I >
= —12_E KoVoo + O(K X Vo) — G EoEor + 4 K )Voo
00

1 e
— 3 EoKVor (B9b)

Again, ok can be of order g or higher, in agreement with the first>order
result above. However, wok = €y will lead to complex second>order wave
functions and introduction of a new unknown. This is avoided if wyx = 0,
as is required by the discussion preceding (4.2). In this way, the triplet part
in (B1) to order €5 will have no source and hence drop out.

B.4. Classical Energy-Momentum Relation
The classical relation
2 _ g2 22
Ex = Enpn + K7 (B10)

holds in the K; — % limit by (B3) and for K; = 0 by definition. To first
order in Kj or g, (B10) also holds according to (B8a) together with Ey; =
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0, which can be verified in an analogous manner. To order €, (B10) has not
been established generally.

B.5. Perturbed Wave Functions from Dimensional Analyses for
Heavy Mesons

Even (B8) and (B9) are not simply solved because the spherical symme»
try present in the & = 0 limit is broken by the motion Ky so that separation
of variables in the relative space x cannot be carried out. Therefore, (B8)
and (B9) will be treated by a dimensional analysis, which is further much
simplified for heavy mesons like D and B in Table I:

Eno> 2[8V00/drio0 = dw = 0.864 GeV (B11)

The opposite of (B11) holds for the light mesons 7 and K in Table I, for
which, however, gy > 1, so that Appendix B.3 above no longer holds. Under
these conditions, (B8b), (B8c), and (B9) become

- - - -
Yo1(x) = —=Voi(x) (B12a)
G Eo— VW o1 + 23(8W01) — (dnlr — Do — M2 o1 =4 Ego K Yoo (B12b)
=2 - - -3
— Ep0 XY o1 =KX 0Yg—>0 (Bl2c)
sz(;) = Vo (;) (B13a)

-
@& Edo+ VIV + (dnlr — Dy — Ma)ior = — (3 EooEpy + 5 K )Woo

1 naw
—5 Eoo KV o1 (B13b)
D -
8(K><\JI()1) —0 (B13C)

The procedure of the dimensional analysis approximation is to replace the
operator of Yo in (B12b) by some scale constant, which is then fixed by
(B12c). The result is

—o0i(¥) = Vou(x) = Koo/ Eoo (B14)

where the free meson wave function (III 2.2a) has been used for the zeroth»
order wave function go. The choice

-
K =(0,0, K) (B15)
entails no loss of generality. Self>consistency of (B12) is obtained for
= i
—xor = Vor = (0, 0, Woi(x, y)) (B16)

-
Here, x and y are relative space coordinates. Note that o; in (B16) depends
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only upon x and y, while q}o] in (B14) also depends upon z via Woo(r). This
inconsistenciy is regarded as part of the approximation.

Following the procedure leading to (B14), the operator for o, in (B13b)
is replaced by a scale constant. However, (B13c) is an identity by (B15) and
(B16) and hence cannot fix this constant. Now, the left operator in (B13b)
is the same as that for the zeroth>order oo (I 6.10), so that the homogeneous
part of g, is proportional to oo. The right side of (B13b) is also proportional
to oo by (B14). Therefore, the scale constant is estimated to be 4/d3, the
square of the scale of Vo in (IIT 2.2a). This result, together with (B14) and
(B10), the third of (B6), and (B8a), converts (B13a) and (B13b) to

—Yo2 = Voo = —4K* Yoo/d, (B17)

It is pointed out that the dimensional analysis results (B14), (B16), and
(B17) can only give orderof>magnitude estimates of the perturbed wave
functions. The detailed depedence of these functions on x is lost in the
approximation, as noted below (B16).
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